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ON THE CONTRIBUTION OF THE COULOMB SINGULARITY
OF ARBITRARY CHARGE TO THE DIRAC HAMILTONIAN

JINGBO XIA

ABSTRACT. We study the self-adjoint extensions of the Dirac operator «- (p —
B)+poB—W, where the electrical potential W contains a Coulomb singularity
of arbitrary charge and the magnetic potential B is allowed to be unbounded
at infinity. We show that if the Coulomb singularity has the form v(r)/r
where v has a limit at 0, then, for any self-adjoint extension of the Dirac
operator, removing the singularity results in a Hilbert-Schmidt perturbation
of its resolvent.

INTRODUCTION

In this paper we investigate the deficiency indices and the resolvent perturbation
of the Dirac operator

a-(p—B)+ B —W,

where o € R is the rest energy of the particle in question and (B, W) = (By, Ba,
Bs, W) represents an electromagnetic field. By deficiency indices we mean, of
course, those of the minimal symmetric operator on the domain C°(R?) @ C*.
In a typical atomic model, one decomposes the electrical part of the potential as

W=V +Vi+ 1,

where V' accounts for the Coulomb singularity if the nucleus is regarded as a point
charge, V; is bounded on R3, and Vs represents an external electrical field, which is
bounded on every bounded subset of R® and which can be unbounded at infinity.
The magnetic potential B is also assumed to be locally bounded.

We will further assume that V' is a radial function and has the form

Vi(r) =wv(r)/r,
where v is a real-valued, bounded, measurable function with a bounded support.
(V1 accounts for the long-range part of the Coulomb potential and other correction
terms.) Moreover, we assume that

0%) =1i

v(07) =limv(e)
exists. If the Coulomb field is produced by a nucleus of atomic number Z, one
naturally takes v(0") to be Ze?/he ~ Z/137.036. In such an atomic model, the
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deviation of v(r)/r from the pure Coulomb potential (Ze?/hc)/r arises from various
screening effects in atoms [9)].

To explain what we will do, let us first recall what is known'. In [8], [11],
[13], Dirac operators of the form « - p + o8 — U was studied. In these papers,
U = U;1+Us, where U; accounts for the Coulomb singularity at 0 and Us is bounded.
These authors showed that if |Uy(x)| < v/|z| with some 0 < v < 1 (which covers
atomic numbers up to Z = 137), then self-adjoint extensions of « - p + po8 — U
can be naturally constructed. More precisely, for such a U; there is a unique self-
adjoint extension of the minimal operator which has the property that its domain
is contained in that of |a - p + poB|"/? [8]. If, furthermore, Us vanishes at infinity,
then the essential spectrum of this particular self-adjoint extension is contained in
that of the free Dirac operator « - p + uof3 [8]. Also see [5].

In these investigations the assumption that |Uy(z)| < v/|z| with some 0 < v < 1
seems to be crucial, and the techniques employed there seem to break down dras-
tically once this condition is dropped. On the other hand, one’s natural curiosity
does not stop at Z = 137. Whatever the physical reality regarding nuclei with large
charges may be, mathematically one is entitled to ask what happens to the self-
adjoint extensions and the essential spectrum of the Dirac operator when Z > 1377
And this, as we will see in Section 6, is where interesting analysis gets involved.

Our investigation was originally motivated by this question. However we will go
somewhat further. Notice that in the literature cited above, the potential for the
Dirac operator is required to be bounded near infinity. In other words, these results
do not cover the case where there is a genuine external electromagnetic field, whose
potential is generally unbounded at infinity. We will show how to realize the Dirac
Hamiltonian as a self-adjoint operator when there are singularities at both 0 and
infinity.

Our approach to the problem is as follows. First we switch off the external field
(B, Va) and consider the minimal symmetric operator

a-p+upfB-V-"

on the domain C®°(R?) @ C*, where V and V; are as described in the above. We
will show that this operator always has finite, equal deficiency indices and that, if
(max{0, /2 —(1/4)})'/2 < |v(07)| < ((€+1)%2—(1/4))'/2 for some £ € Z, then these
deficiency indices are (2¢(¢ + 1),20(¢+ 1)). If v = v(07) in a neighborhood of 0,
then, of course, this result can be easily deduced by solving elementary differential
equations. But the non-constancy of v brings substantial complications to the proof.
Thus the screening effects represented by the non-constancy of v have no bearing
on the deficiency indices of the Dirac operator except, possibly, when |v(07)| equals
one of the critical values {((¢ + 1)2 — (1/4))}/2 : ¢ € Z,}. On the other hand, if
lv(0F)] = ((£ + 1)% — (1/4))Y/2 for some £ € Z,, our result clearly suggests that
the deficiency indices of the Dirac operator cannot be determined without further
knowledge of the behavior of v near 0.

We will then show that if A is any self-adjoint extension of the minimal operator
a-p+ poB—V —Vp and if Ag is the closure of a- p+ poB — V1, which is necessarily
self-adjoint since V; is assumed to be bounded, then

(A=2)7" = (Ao —2)7"

IFor those who are not familiar with the subject, Section V.5.4 of [6] provides a brief summary
of background information.
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is a Hilbert-Schmidt operator whenever z € C\R. We emphasize that this result
is valid for every v(07) € R. This result in particular implies that oces(A) is
determined by V; only.

Next we switch on the the external field. We may, of course, represent the
external field collectively by a single matrix-valued potential £, which is assumed
to be bounded on every bounded subset of R?. For any self-adjoint extension A of
a-p+pueB—V =V, let

D.(A) = {¢ € domain of A : ¢ has a bounded support}.

We will show that A — £ is essentially self-adjoint on D.(A). For the closure Ag of
a-p+ el —Vi, Ag — & is also essentially self-adjoint on D.(A). We will prove that

(A—E—2)'—(A4g—E—2)71

is a Hilbert-Schmidt operator whenever z € C\R. These results will be deduced
from the results stated in the two preceding paragraphs. To make this possible we
must fully exploit the fact that « - p is a first order partial differential operator.

In contrast to [8], [11], [13], we rely on the radial-spherical decomposition of the
free Dirac operator « - p, which produces a bunch of ordinary differential operators.
We will deal with the resolvent perturbation and the deficiency indices of these
operators in Sections 1 and 2. After this is taken care of, we prove the above stated
results in Sections 3-5.

Section 6 deals with the eigenvectors of the self-adjoint extensions of a-p+ o3 —
V — V4. We will show, under very reasonable restrictions on v, that if [v(07)] > 1
and if V7 has the right long-range behavior, then every self-adjoint extension A of
the minimal operator has the following property: There exist an infinite number
of eigenstates ¢ corresponding to eigenvalues of A in (—|uol, |to|) such that the
generalized expectation values (V + V1), and (a - p), of the potential energy and
the kinetic energy (in units h = ¢ = 1) are infinite. In particular every s-state
exhibits this behavior. This phenomenon seems to be a manifestation of what must
be the relativistically correct version of the uncertainty principle.

Throughout the paper, identity operators will be routinely suppressed to simplify
notation. Thus, for example, in (6.5), the first d?/dt? means (d?/dt?) ® I, while
the second and the third mean (d?/dt?) ® I (I, being the n x n identity matrix).

1. THE RESOLVENTS OF THE RADIAL OPERATORS

Throughout this section,

V(t) = v(t)/t

on (0,00), where v(t) is a bounded, real-valued, measurable function with the fol-
lowing properties:

(i) There is a positive number d such that v = 0 on (d, 00).

(ii) The limit v(0%) = lim,|o v(€) exists.

For each ¢ € Z, define the differential operator

1+0/t  djdt
—djdt  —(1+0))t

on the domain C2°(0,00) ® C? in the Hilbert space
H = L*0,00) ® C? = L?(0, 00) & L?(0, o).

Dy =
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It is elementary that the deficiency indices of D, in H are (0,0). The easiest way
to see this fact is to solve an elementary linear system of differential equations.
Indeed if we define
144 n

for each n € Z, then for any column vector a € C2, we have Dsat" = Ag,nat”‘1 if
Dy is also regarded as an operator on polynomials in ¢ and 1/¢t. Note that Ay, is
invertible for n # +(1 4+ ¢). Let

el 2]

—1 —(n + Y4 + 1)
Apns+ = n? — (0 + 1)28_

In particular, there is a ¢, € R such that

Then
(n—£€-1)

-1 o
and Al,ns_ = m8+.

—14-1 -1 -1 _
A“AM_1 .. Ae)_e_,'_lAe’_eSJ’_ = cpS_.

Therefore
Cy
20+ 2
From this identity it follows that for any z € C, the 2x 2 linear system of differential
equations Dyu = zu has the solution

20+1
—0—1 E -1 -1
Uy = t S+ + ZntnAf,—f—l-H’L NN A&_KSJ,_
n=1

R —1 —1
Averrse = A App - Ap e Ay s+

20+240+1 [e%S)
CoZ t . .
R <S+ + ;ZnA&Z-H-Fn x 'Aé7é+1+1tn8+> .

This system also has the solution

oo
41 nyn A—1 -1
Uy =t (s_—i— E z"t A£,£+1+n"'A£,l+l+15—> .
n=1

It is obvious that these power series in t converge uniformly on any bounded interval.
Thus, in the case z € C\R, if @ also solves Dyu = zu and has the additional property
that @ and Dyu both belong to H, then 4 must be a scalar multiple of us. Using
the property |us(t)] < Mt**! for ¢ near 0 and a routine approximation argument,
we see that @ belongs to the domain for the closure of the minimal operator D, on
02°(0,00) ® C2. Since Dy is symmetric, this is possible only if % = 0. Hence the
deficiency indices of Dy are (0,0). In other words, every Dy is essentially self-adjoint
on C°(0,00) ® C2.
Define
0 d/dt
Doo = [—d/dt 0 ]

Then, with the initial domain C2°(0, 00) ® C?, this operator has deficiency indices
(1,1) in L?(0,00) ® C2. The same, of course, is true if (0, c0) is replaced by (a, 00)
for any positive a. Suppose that @ is a real-valued measurable function on (0, c0)
which is locally integrable. Then Dy, — @ has deficiency indices (n,n) because the
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coefficients of this differential operator are real. Now if @) is bounded on (a, 00) for
every a > 0, then n < 1. This is because on (a,0), Dy — @Q differs from Dy by
a bounded term. Thus, with the domain C°(a,0) ® C?, Dy, — Q has deficiency
indices (1,1) in L?(a,00) ® C?. That is, for any z €C\R, the differential equation
(D¢ — Q)u = zu has, up to scalar multiples, exactly one non-trivial solution in
L?(a,00) ® C2. Hence n < 1.

We will refer to the operators D, and Dy — V on C$°(0,00) ® C? as minimal
operators. We will denote the closure of Dy, which is a self-adjoint operator, by
the same symbol. Similarly, any unspecified self-adjoint extension of the minimal
operator Dy — V will also be denoted by the same symbol.

Recall that a collection C of bounded operators on a Hilbert space X is said to
be a norm ideal [3] if it is an ideal and is equipped with a norm ||.||¢ satisfying
the following conditions: (1) (C,||.|lc) is a Banach space. (2) For any T € C and
any bounded operators F, G on X, [|[FTG|lc < ||F|IIT|lc||G|l.- (3) If T € C, then
T*eCand |T]lc = 1T*|lc- (4) |1T|| < ||T||c for every T € C, and the equality holds
whenever rank(7T) = 1.

Lemma 1.1. Suppose that A and B are (not necessarily bounded) self-adjoint op-
erators on a Hilbert space X. Suppose that C is a norm ideal consisting of compact
operators on X.

(a) Suppose that (A—z9) ™t — (B —29)~! € C for some zo € C\R. Then for any
bounded self-adjoint operator C' on X and any z € C\R, we have (A+C —2)71 —
(B+C—2)"tecC.

(b) Suppose that S is a bounded operator on X and zy € C\R such that
S(A—2z9)"t € C. Then S(A+ C — 2)=t € C for every bounded self-adjoint op-
erator C' on X and for every z in the open half-plane that contains zg.

The proof of this lemma is completely elementary and will be omitted.

Lemma 1.2. Let E be a bounded Borel set in (0,00). Then for any z € C\R,
xE(D¢ — )1 is a Hilbert-Schmidt operator.

Proof. Let us first show that if D is any self-adjoint extension of Dy with the
initial domain C°(0, 00) ® C?, then for any A € R\{0}, xz(D — \i)~! is a Hilbert-
Schmidt operator. Equivalently, we want to show that xg(D—\i) =t (D+Xi) " lxg =
xe(D? + X\?)~!xg is a trace class operator.

Suppose that E C (0, R). Let A be the self-adjoint extension in L?(0, R) @ C?
of the operator —d?/dt?> on C°(0, R) ® C? such that {e2*™*/Ey . k € Z, v € C?}
are its eigenvectors. Then (A 4+ A?)~! is a trace class operator on L?(0, R) ® C?.
Since D? is a self-adjoint extension of —d?/dt? in L?(0, 0c0)® C?, if we consider both
(D?+X%)"1x(0,r) and (A+A2?)~! as operators from L2(0, R)® C? to L?(0, 00) ® C
in the natural way, then they agree on the closure of (A — d?/dt?)C°(0, R) ® C?.
Thus, as such operators, (D? 4+ A?)"'x( ) and (A + X?)~! differ by an operator
of rank at most 4. This proves that (D?+ A?)"x (g ) is a trace class operator and
sois xg(D? +2?)"xg.

For any ¢ € C2°(0,00) ® C?, we have

1(Doo — Xi)el* = {(Dfo + X)) < ((DF + X)) = [[(De = Ai)ep|*.

This implies that there exists a contraction T on H such that Doy — \i =
T(Dy — Xi) on C2°(0,00) ® C?. Thus

(D¢ = Xi) "1 (Dy = Ai)o = (D — Xi) (Do — Xi)p = (D — Ai) "' T(Dg — Ai)p
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whenever ¢ € C2(0,00) ® C2. Since (Dy — \i)C(0,00) @ C? is dense in H, we
have
xe(De— M)t = xg(D — Xi)7'T.
The lemma follows from this and Lemma 1.1. O

For each b € R, let V4(t) = bx(o,a)(t)/t. Let @3, denote fundamental solution
matrix of the 2 x 2 linear system of differential equations (Dy — V3)u = 0. If
(14 £)2 — b? # 0, then on the interval (0, d),

VAT 02 =2V )2 — 2=/ (14078
—(1+4 £ — bV a+H2= (140 — b= Va+nz=ez |7

Inthe cases 1+ £ —b=0and 1+ ¢+ b =0, we have

(1.1) ‘I’b,f(t):[(l) _(Héib)bgt} and [—(1+£1—b)1ogt (1)]

(1.1) (I)b)g(t) =

respectively on (0, d).
Let us now consider the 2 x 2 linear system of differential equations

(1.2) (De =V —2)u=0

for arbitrary z € C. To solve this equation, one sets u = @ ¢c and finds By, o’ =
z2®y, gc or, equivalently, ¢’ = z@b_l}B_lfI)b,gc. Here

0 1
B [_1 0] .
Let Ap(t) = @;; (t)B™1®p 4(t). When (1 + £)? — b* < 1/4, Ay is integrable near

0.

Lemma 1.3. Let Wy, ¢, denote the fundamental solution matrix for the linear sys-
tem (1.2).
(a) If 0 < (1 +0)2 — b2 < 1/4, then W4 .(t) = Oy o(t)(1 + G(t)), where

G— |9 912
921 922
with |gi; (t)] < O(t) for (i,5) # (1,2) and gia(t) = O "2V AT =Y*) when t is near
0.

(b) If (1 +0)2 —b? =0, then Wy .(t) = Ppo(t)(1 + O(t(logt)?)) for t near 0.
(c) If (1+ €)% —b% <0, then Wpp.(t) = Ppe(t)(1 + O(t)) for t near 0.

Proof. By the paragraph preceding the lemma, we have
t
Uy (t) = By o(t) [1 4 / Ab,g(s)K(s)ds] ,
0

where

K(s)=z+ Z z"+1/0 Au(sn)/o Ape(Sn—1)-- -/0 Ape(s1)dsy...dsp—1dsn,.
n=1

It follows from the integrability of A, , that this series converges uniformly and is
bounded near 0. In the cases (b) and (c), |4p¢(s)| is dominated by O((log s)?) and
O(1) respectively.
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For (a), let us write p = /(1 +€)2 —b% and v =1+ ¢ — b. Then

- L[ P07 s
be\S) = 21w (V2 +M2)52” M2 — 2 .
Since 1 —2u > 0,
t S
/ Ab)g(S)/ Abﬁg(r)drds S O(t)
0 0
The desired estimate follows from these relations. O

For each 1 > —1/2, define

(Tuf)(t) =t / s f(s)ds

It follows from a well-known inequality of Hardy that 7}, is a bounded operator on
L?(0,00). See, for example, [1, Lemma 3.3.9]. We also define

@ - [ o (’5> F(s)ds.

It is easy to see that T} is also a bounded operator on L?(0,00). Indeed, by the
Cauchy-Schwarz inequality,

(T2 <t / {14'105%(2)]4618%_1/;%%

If we set C, = fol 1 —logu)*du and Cy = fl “1(1 + log u)~2du, then

/0|( l2dt<c/ t_l/ 1+10g 1+ log(Ly)2 5t
o [T | [ mczf]ds—clcz/om|f<s>|2ds.

Lemma 1.4. Suppose that (1 + £)?> — b* < 1/4. Define

t
(Whe2h)(t) :t_lkIlb7g7z(t)/ \I!l:l}’z(s)h(s)ds.
0
Then the operator X(0,c)Wh.e,2X(0,c) s bounded for every 0 < c < oo.

Proof. By Lemma 1.3(c), if (14 £)? —b? < 0, then W, . and ¥, . are bounded
near 0. Hence in this case the boundedness of W ¢ , follows from that of To.

Suppose that 0 < (1 +£)? —b? < 1/4. Again, let us write u = /(1 + £)2 — b2
and v=1+/¢—0b. Let

X = [ " 5] and Y(t) = [tg tfﬂ.
Then
(1.3)  (Wheh)(t) =t 7' XY ()(1 + G(t)) / (1+T(s)Y "1 (s)X B~ h(s)ds,
0

where, according to Lemma 1.3(a), the matrices

_ gn(t)  g12(t) _ma(s) maz(s)
G = [921(0 922(15)] and I(s) = [721(8) 722(8)}
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are such that gi2(t) = O(t'72#), vy12(s) = O(s'72#), and all other entries are
dominated by O(¢) or O(s).

Using the boundedness of T}, and T_,,, we can decompose Wi ¢ . as Wy, . +Wp, _,
where sz, ¢,» 18 bounded and

(Whe h)(t) =t XY1(t)(1 + G(1)) /0 (1+T(s)Z1(s)X ' B~ h(s)ds,

with
0 0 s 0
le(t) = l:o t_p’:| and Zl(S) = l: 0 0:| .
On the other hand, Y;(t)G(t) = O(t*#), I'(5)Z1(s) = O(s'™#), —pu > p — 1, and
—1—p>p—2. Also

XY (1) /t Z1(s)X B~ h(s)ds = 0.
0

Therefore the boundedness of W',  follows from that of T, and Ty,
Let us consider the case 1 + - 0; the case 1 + ¢ + b = 0 can be treated
similarly. We have

(W, zh) (1) =t~ @y (£)(1 +G(t))/0 (14T ()@, (5) B h(s)ds,

where, by Lemma 1.3(b), G(t) = O(t(logt)?) and I'(s) = O(s(logs)?) near 0.
Since @y, 4(t) = O(—logt) and @;t}(s) = O(—logs), t 714 1 (t)G(t)X(0,1)(5) P}, 1 (s),
t_l@bj(t)x(o,t)(s)]."(s)fbb_);(s) and t71®y o(£)G(t) X (0,4) ()T (s) D}, l}( ) are kernels of
bounded operators. Hence it suffices to show that

(Woh)(£) = By, (1) / & H(s) B h(s)ds

is a bounded operator. Multiplying out the right-hand side in terms of the entries
of @ ¢ and @;; and the components of B~'h, we find that W is a combination of
To and T§. This completes the proof. O

Lemma 1.5. Suppose that [v(07)| > [(1+£)%—(1/4)]*/2. Then for any self-adjoint
extension of Dy — V', for any bounded Borel set E C (0,00) and for any z € C\R,
(Dy —V — 2)"Yxg is a Hilbert-Schmidt operator.

Proof. Let ¢ € (d,o0) be such that £ C (0,¢). Let us denote v(0") by b. Then
(14 €)% —b* < 1/4. Define

(Rg)(t) = U0 -(1) / Wi (s)Bg(s)ds.

For each ¢ € C°(0,00)® C?, let f, = (D¢ —V,—2)p. Tt is straightforward to verify
that w; = Rf, solves the inhomogeneous differential equation (Dy—Vj —2z)w = fi,.
But ws = ¢ is also a solution and has the property that it vanishes near 0. Because
¢ vanishes in a neighborhood of 0, so do f, and w;. Therefore w; = w2. In other
words,

R(Dy— Vi, — 2)p = ¢ for every ¢ € C>(0,00) ® C%.

Recall that V'(t) = v(t)/t. Let 0 < 6 < d be such that [b—v(t)|[[X(0,e)We,e,2X (0,0)
< 1/2 for t € (0,6). From Lemma 1.4 and this inequality we have that
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(V—Vb)x(0,6) R is a bounded operator on L?(0, ¢)®C? with [|(V—=V3)x(0.6)BX(0,0)| <
1/2. Thus 300 ) [(V — Vi) x(0,6) R]" is a bounded operator on L2(0,c) ® C. Let

=R Z[(V - Vo)x(0.6)R]"

From the identity R(D¢ — V — 2)¢p = ¢ we deduce
R{(De=Vo = (V= Vo)x(0.) —2)p = ¢

for every ¢ € C°(0,¢) ® C.

Let H' denote the closure of (Dy—V,—(V—V4)x(0,5)—2)C°(0,¢)®C? in L2(0, ¢)®
C? and let Py denote the orthogonal projection onto H’. The above identity shows
that R'Pp is a bounded operator on H and that R' Py = x(,.)R' Pg. Obviously
X(0,e) X (0,¢) is a Hilbert-Schmidt operator. Therefore so is

R' P = X(0,e) RX(0,c) P’ + X (0,¢)RX(0,5) Z (V= Vo)x(0.6)R]" P

It is clear if A is any self-adjoint extension of the operator Dy — Vi, — (V —V3)x(0,5),
then R Py = (A — z)~' Py, Since the dimension of (L?(0,¢) ® C*) © H' is finite,
we conclude that (A — z)_lx(mc) is a Hilbert-Schmidt operator.

The function U = Vy+ (V= Vi) x(0,6) =V = (Vb = V) X[5,50) is bounded on (0, c0).
Clearly B = A+ U is a self-adjoint extension of Dy — V. Therefore

(B—2)""X(0,0) = —(B—2)"'U(A—2)""X(0,0) + (A= 2)"'X(0,0)

is a Hilbert-Schmidt operator. Finally, if B’ is another self-adjoint extension of
—V, then (B — 2)~! = (B’ — 2)~! on a subspace whose orthgonal complement
has dimension at most one. This completes the proof. O

Before stating the next proposition, let us recall a well-known fact regarding
Hilbert-Schmidt operators. Suppose that A and B are operators on a Hilbert space
X such that AA* and B*B are Hilbert-Schmidt operators and suppose that 7" is a
bounded operator on X. Then AT B is a Hilbert-Schmidt operator on X with

IAT B> < |T|I(|AA 2| B*Bl12)"/.

The proof of this inequality is quite simple. Suppose that {e,} and {f,} are
orthonormal sets in X’ and that {)\,} is a sequence of complex numbers where all
but a finite number of terms are 0. Let K =) Ay fn ®en, K1 =) [A]en Q ey
and Ko =3 [A|fn ® fn. Then

lte(ATBEK)| =

N A(ATBen, fu)

<71 PalllBealll|A* ful

1/2

= ||T||(tr(B* BK, )tr(AA* K5))1/?
< ||IT|(|B*Bll2 )| AA*||2]| K1 ||| K2 l2) /2
= ||T)|(I| B* Bl|2l| AA*||2)" /| K |-

This yields the desired estimate for ||AT B||2.
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Proposition 1.6. Let £ € Zy and 0 < § < 1. Suppose that Q is a bound-
edly supported, real-valued, measurable function satisfying the condition |Q(¢)| <
(14+£—-19)/t on (0,00). Then for any self-adjoint extension of the minimal operator
Dy—Q and any z € C\R, (Dy—Q—2z)"1—(Dy—2)~" is a Hilbert-Schmidt operator.

Proof. By Lemma 1.1, it suffices to consider z = —i. We first observe that
. . . d. d 1+ 0)?
(Dg — Z)t(De + Z) = DytDy+t+ Z(Det — th) = —Eta + ( ; ) +t—o09

(1402 —t+1t?),

SN

1
> 2((1+ 0)? — oot +1%) >

where o3 is the second of the usual trio of Pauli spin matrices. Since (1+4£)? —t+t2
is always positive, the above implies

. , 0\ 1
(Dé - l)t(D[ + l) 2 ((1 + [)2 - Z) ;X(0,5/4).

Hence

4

if o € C°(0,00) ® C2. Therefore, if ¢ € (Dy +i)C°(0,00) ® C? and 0 < € < 6/4,
then

5 1/2 B L
(1.4) [[£+/29]| > ((1 +0)* — Z) IX(e,5/0t 2 (De + 1)~ ).

We know that (D; +4)C°(0,00) ® C? is dense in H.

We claim that (1.4) holds true if we replace ¢ with any g € H which has a
bounded support. Let ¢ be a C*°-function on [0, 00) such that ¢ = 1 on [0,1] and
¢ =0 on [2,00). For each n € N, let {,(t) = ((t/n). Suppose that {¢x} is a
sequence in C2°(0, 00) ® C? such that ||(Dg +4)px — g|| — 0 as k — co. Then

(De +1)Cnpr = [De, Galok + Cu(De + 1)k

Substituting this into (1.4) and letting k — oo, which is permitted since t'/2[Dy, (,]
and t'/2¢,, are bounded, we find that this inequality holds with
W = [De, Gal(De + 1) 719 + Gog = GB(De +0) 7 g + Cag.

It follows from the definition of ¢, that [[tY/2¢/|lec < [I¢]leo(27)'/?/n. This im-
plies lim,, o ||tY/2¢, B(D; + i)~ 'g|| = 0. Hence (1.4) holds with any boundedly
supported g € H in place of ). An immediate consequence of this is that

(1.5)

B o B 5 —1/2 5 —1
[X(e.6/ayt /2 (Dg + 1) " x (700t 2| < ((1 +0)? — 1) < <1 +0— —) :

. 5\ /2 _
172D + )] > ((1 Lo —) I8/t 20

2
For each n > 2, define

n

(1.6) Rue=Y (Do +1) " [X(e.s/0Q(De +1i) 71"
k=0

Let ¢ = QX (0,5/4)- Obviously
(1.7) Ry — (De+0)™" = (Do +0)"1qY?T, g2 (Dy +0) 72,
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where
Toe = X(eo/0) + D _X(es/n@"*(De + 1)1 QY X (e.5/2))"
k=2
Since |Q(t)] < (1 + ¢ —6)/t, it follows from (1.5) that there is a C; > 0 such that

foralln >2and 0 <e < §/4.
It follows from the usual uncertainty inequality that if f € C°(0, 00) ® C?, then
[P < KDEf, f) < 4(DF + 1) F, f) = 4ll(De +0) f]1*.
This implies that if g € (Dy + i)C>(0,00) ® C* and & > 0, then
(1.9) X (r,00yt ™ (Do +4) gl < 2||g]l-

Because (D; +1)C°(0, 00) ® C? is dense in H, the above inequality holds for every
g € H. Since k > 0 is arbitrary, this estimate implies that [t~1[(D, + i)~ 1g](¢)| is
square integrable on (0,00) and that its L?-norm does not exceed 2||g||. In other
words, t~(D, +4)~! naturally extends to a bounded operator on H and

(1.10) lim X(roo)t M (D +i) " = t7H(Dy +14) 7"
in the strong operator topology.
Let A= (Dy+i)"'¢"/? and B = ¢'/(D; +14)~'. Then
AA" = (Dy+14) " gl(De — 1)~
By the preceding paragraph, |¢|(D; —4)~! is bounded. Since ¢ has a bounded sup-
port, it follows from Lemma 1.2 that AA* is a Hilbert-Schmidt operator. Similarly

B*B is also a Hilbert-Schmidt operator. Thus by (1.7), (1.8) and the discussion
preceding the proposition, we have

(1.11) [Rne = (De+i) "2 <C

for n >3 and 0 < € < §/4, where C = C,(||AA*|2||B*B||2)*/?.
By (1.6) and (1.10), the strong limit
: _n _ N—1 =11k
161%1 Rype=R, = Z(De +14) " g(D +1i)7]
k=0
exists. Furthermore, (1.11) implies that
(1.12) 1R = (De+ )72 < C.

By (1.5), (1.10) and the inequality ||t=*(D, + i)~!|| < 2, which follows from (1.9),
we have

1(De + )~ [x(0,6/)Q(D + )~ ']¥||

< hmﬁ)uP [(De + 1) "2 [X(e.6/0)Q*(De + 1) Q2 x (e 5/0)) a2 (D + 1) |

ok
SPNIESELN
(1+£-3)
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Hence the series R = Y ;- (D¢ +14)~[g(D +14)~']* converges in the operator norm
and, by (1.12), R — (D; + i)~ is a Hilbert-Schmidt operator.
It is easy to verify that if ¢ € C2°(0,00) ® C?, then
R(D¢—q+i)p= .

Hence if Dy — ¢ also denotes an arbitrary self-adjoint extension of the minimal
operator, then R— (Dy—q+i)~! is an operator of finite rank. Thus (Dy—q+i)~ ! —
(Dy+14)~ "t is a Hilbert-Schmidt operator. Since Q = g+ q; where ¢; = QX (5/4,00) 18
bounded, it now follows from Lemma 1.1 that (D, —Q+i)"'—(Dy—q1 +i) tisa
Hilbert-Schmidt operator. Since () is assumed to have a bounded support, it follows
from Lemma 1.2 that (Dy —q1 +i) ™' — (D +i) "t = (De — q1 +i) tq1 (D + )71
is a Hilbert-Schmidt operator. This completes the proof. O

Theorem 1.7. For any z € C\R and for any self-adjoint extension of Dy —V,
(De—2)"' = (D =V —2)7!
is a Hilbert-Schmidt operator.

Proof. Let us first consider the case |[v(07)| > /(1 +¢)? — (1/4). According to
Lemma 1.5, (Dg—V—z)_lx(O)dJrl) is a Hilbert-Schmidt operator. (Dg—z)_lx(md“)
is also a Hilbert-Schmidt operator by Lemma 1.2. Therefore it suffices to show that
if n is a C'*°-function on (0,00) such that n = 0 on (0,d +1/3) and n = 1 on
(d+2/3,00), then
[(De—2)" = (De =V —2)"
is a Hilbert-Schmidt operator. Because nV = 0, we have
[(De = 2)7' (D¢ =V = 2) (D — 2)
=(Dg—2)"'(Dy—2) = (Dg =V —2) " 'n(Dy =V — 2)
=Dy —2)"Y Dy —2)p—(Dg =V —2)" 1 (D =V — 2)n
+(De—2) 7', De = 2] = (De =V = 2) 7 i, De = V — 2]

={(De—2)"" = (D¢ =V = 2)""}[n, De)(De — 2) "1 (Dy — 2).

Since (Dy — z) has a dense range in H, we have
[(De—2)" = (De =V =2)"n

={(De = 2)"" = (D¢ =V = 2)""}n, De(De — 2) 7,
which is a Hilbert-Schmidt operator because [n, D/] is a matrix-valued function
with a bounded support.

In the case [v(07)| < 1+ ¢ it follows from Proposition 1.6 that there is a o > 0

such that (Dy — Vix(0,0) — 2) "' — (D¢ — 2)~ " is a Hilbert-Schmidt operator. Since
VX(0,00) is bounded, Lemma 1.1 tells us that (Dy—V —2) ™' — (D¢ = Vx(5,00) —2) "

is also a Hilbert-Schmidt operator. By Lemma 1.2 and the fact that the support of
V' is bounded,

(Dt = VX(o0) = 2) ' = (Do = 2) " = (Dt = VX(0,00) = 2) " VX(000) (Do — 2) 7!
is a Hilbert-Schmidt operator. Hence so is (Dy —V — 2)~1 — (Dy — 2)7 1. O
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2. DEFICIENCY INDICES

In this section V' (¢) = v(t)/t will be exactly the same as in the previous section.
But by Dy —V we will now mean the minimal operator on the domain C$°(0, 00) ®
C?. Recall that the deficiency indices of D, — V are either (0,0) or (1,1).

Proposition 2.1. Let £ € Z, and let Q be a real-valued measurable function on
(0, 00) such that |Q(t)] < (€4+(1/2))/t for a.e. t € (0,00). Then D;—Q is essentially
self-adjoint on C°(0,00) ® C2.

Proof. We have
2

d
2

> —t— .
e 2} +t > tdt2t+(1+é)é

On the other hand, if g € C2°(0, 00), then

| lyPae= [ itg' v gPde= [ {10+ gPY yat
0 0 0
o0 1 o0
:/ t2|g’|2dt2—/ lg|*dt.
0 4 0
Thus

. 1 1\?
1D+ el = (D2 + o) = (34 +06) ol = (04 3) Tol?
for all ¢ € C>°(0,00) ® C?. This implies
) 1 _
1D+ il = (£ 5 ) 16701 = 1wl

whenever ¢ € C°(0,00) ® C2. This shows that Q is D-bounded with relative
bound 1. Hence it follows from [6, Theorem V.4.6] that D, — @ is essentially
self-adjoint on C'°(0, 00) ® C2. |

Recall that V,(t) = bx(o,a)(t)/t on (0,00). If (1 + £)? —b? > 1/4, then the
operator Dy — Vj, is known to be essentially self-adjoint on C'2°(0,00) @ C?. This
result, which is usually stated in terms of the limit point-limit circle alternatives,
goes at least as far back as [12]. (Also see [4].) There are many different proofs
using differential equation techniques. We would like to sketch an alternate proof
by counting the deficiency indices of the minimal operator.

Consider the operator Dy — V, on C2°(0, R) ® C* where R > d. To show that
Dy — V, is essentially self-adjoint on C°(0,00) @ C?, it suffices to show that on
C°(0, R) ® C?, the same operator has deficiency indices (1,1) in L?(0, R) @ C?.
This is because we know that on the domain C°(R, 00)®C?, D;—V; has deficiency
indices (1,1) in L?(R, oo)®C2. If D¢y, r and Dy, denote the domains for the closures
of Dy —V; on C°(0, R) ® C* 4 C°(R, 00) ® C* and on C2°(0, 00) ® C? respectively,
then dim(Dyp/Dep,r) = 2. Therefore the desired essential self-adjointness follows
from the assertion about the deficiency indices of Dy — V3, on C>°(0, R) @ C2.

By (1.1), in the case (1 + £)?2 — b?> > 1/4, there is, up to constant multiples,
only one non-trivial solution of the 2 x 2 system (Dy — V)u = 0 that belongs to
L%(0, R)® C?. If the deficiency indices of Dy —V; on C(0, R) ® C* were not (1,1),
then 0 would not belong to the domain of regularity for the symmetric operator
Dy — Vi, on C°(0,R) ® C? (see pages 37 and 42 of [7]). According to Corollary

d? 1+02 14/
H(D} + 1)t = —t—t + [(1+€) (140
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14.10.3 of [7], there are only two possible scenarios when this happens: Either 0
is an eigenvalue of the closure of Dy — V;, on C°(0, R) ® C? or 0 belongs to the
continuous spectrum of every self-adjoint extension of this operator.

But, because D, —V}, is regular at R, if u belongs to the domain of the closure of
Dy—V;, on C2°(0, R)®C? and satisfies the differential equation (D;—V,)u = 0, then
u = 0. Hence the first scenario cannot occur. On the other hand, no self-adjoint
extension of Dy— V4 on C2°(0, R)®C? has any continuous spectrum. For, if A and B
are self-adjoint extensions of (D, —V4)|C°(0, R)® C? and (D, —V4)|C°(0, 00) @ C?
in L?(0,R) ® C? and in H = L?(0, 00) ® C? respectively, and if we regard A as an
operator on H by setting A = 0 on L?*(R, 00) ® C?, then the operators (A — z)~!
and (B —z)~! agree on (Dy —V;,)C°(0, R) ® C? when z € C\R. Thus the operator
(A—2z)~'—(B—2)"" has a finite rank when restricted to L?(0, R)® C*. By Theorem
1.7 and Lemma 1.2, (B — z)_lx(O,R) is a Hilbert-Schmidt operator. Hence A has no
continuous spectrum. Thus Dy — V}, is essentially self-adjoint on C$°(0,00) ® C2.

We would like to mention that in the case (1+£)% —b? > 1/4 and /(1 + £)2 — b2
is not an integer, the easiest way to show that Dy — V} is essentially self-adjoint on
C>(0,00) ® C? is to solve the equation (Dy — Vj, — z)u = 0 using (1.1) and Laurent
series in ¢t. This, however, does not work if /(1 4 £)2 — b2 is an integer.

This discussion prepares us for the main result of this section.

Theorem 2.2. (a) If [v(0T)]| < \/(1+£)? — (1/4), then Dy —V is essentially self-
adjoint on C°(0,00) ® C2.

(b) If [v(01)| > /(1 +€)2 — (1/4), then on C°(0,00)@C? the deficiency indices
of Dy —V are (1,1).

Remark 1. This theorem clearly suggests that, if [v(01)] = /(1 + )2 — (1/4), the
deficiency indices of Dy, — V' in general cannot be determined without further as-

sumptions on v.

Remark 2. An immediate implication of part (a) is that for such a pair of v and ¢,
the differential operator Dy — V' is in the limit point case at 0. The reader should
compare part (a) with [4, Theorem 2], which is a similar result stated in terms of
the limit point-limit circle alternatives. Even though [4] treats a slightly larger class
of differential operators, part (a) is a stronger result in the respect that v is required
to have a limit only at 0 and nowhere else. The most significant difference between
part (a) and [4], however, lies in the proof. While [4] uses exclusively differential
equation techniques, we rely on operator theory, which, in our opinion, is a simpler
approach.

We need some technical preparations for the proof of Theorem 2.2. We intro-
duced the bounded operator

(Tuf)(#) =t / s £ (s)ds

for > —1/2 in Section 1. Since L?(0,d) is an invariant subspace for 7),, we may
consider it as an operator on L?(0,d) as well. Let us define

d
(Suf)(t) = 1 / ST f(s)ds

on L?(0,d). For pu > 1/2, this operator is also bounded according to Hardy’s
inequality [1, Lemma 3.3.9].
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Proposition 2.3. Suppose { € Z and b € R are such that (1 + ) — b> # 1/4.
Let Dy denote the domain of the closure of Dy — Vi on C2°(0,00) ® C2. Then for
every ¢ € Dy, the function t='p(t) belongs to L*(0,00) @ C2.

Proof. Let ¢ € Dy and n € CX(R). We claim that ny € Dyp. This is because if
{n} is a sequence in C2°(0,00)® C? with || —@,|| — 0 and ||(Dy— V) (@ —@n)| —
0, then

[(De = Vo)n(e — @n)ll < In(De = Vi) (@ — @n)ll + |[De, nl(¢ — @n)|| — 0.

Thus to prove the proposition, we only need to consider ¢ € D, whose support is
contained in, say, (0,d).

First let us consider the case (1 + ¢)> —b*> > 1/4. Let v = 1+ ¢ — b and
w=+/(14+0)2 =02 Then p > 1/2 by our assumption. Recall that the linear
system (D¢ — V3)u = 0 has a fundamental solution matrix ®;, given by (1.1) for
t € (0,d). Accordingly,

1 T |vt=F —pt*
(I)b,f (t) = m |: vt Mt# ]

on the same interval. One solves the equation (D; — Vj)u = h by setting u = Py, ¢c
and solving B®;, o¢’ = h. Thus ¢ = fbb_jB_lh. If we write

. hi _|1a
h = [h2] and c= [02} ,

then we may take

1 d
c1(t) = 3 /. sT*(vha(s) + phi(s))ds
and
ea(t) = ﬁ [ (ha(s) + i (s)) .

Hence if we define

_t 1 plSu(vhe + pha)](t) + [T (—=vhe + pha)](t
F(h)(t) o 2 |:—I/[SM(I/;2 + uﬁl)](t) + I/[TM(—V}Z + Mfil)]( ) ’

then uw = F(h) is a solution of the inhomogeneous system (D; — V3, )u = h.

Let ¢ € Dy be given and suppose that its support is contained in (0,d). Let
D denote the closure of Dy — V;, and let h = f?cp. Obviously the support of
h is contained in (0,d). Now both ¢ and F(h) solve the differential equation
(D¢ — Vy)u = h on (0,d). Therefore ¢ — F(h) solves the homogeneous equation
(D¢—Vi)u = 0 on the same interval. Since both ¢ and F(h) belong to L?(0, d)® C?,
by (1.1), there is an ag € C such that

(o= ) =ao | 1]

By the L?-boundedness of T}, and S,,, t~*F(h) belongs L?(0,d) ® C?. Therefore so
does t~ 1.

For the case (1 + £)? — b < 1/4, we need the integral operator R defined in the
proof of Lemma 1.5. Recall that

)
t

© = R(Dy —V, — 2)¢ whenever ¢ € C°(0,00) ® C?.
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Since the operator x(o,c)R2x(0,c) is bounded when 0 < ¢ < oo, a routine argument
yields ¢ = R(Dy — Vj, — z)¢ for every 1 € D, with bounded support. Lemma
1.4 tells us that X(O,c)t_lRX(O,c) is a bounded operator. Hence t~11 € L2(0,00) ®
c>. O

Proof of Theorem 2.2. (a) Let b = v(07). Our assumption says (1 + £)? — b? >
1/4. Let z € C\R be fixed. We know that D, — V, is essentially self-adjoint on
C(0,00) ® C2. By Proposition 2.3 and the uniform boundedness principle, there
is an M > 0 such that

IX(e,o0rt " (De=Vo—2) | <M
for every € > 0. Since b = v(0™) = limy o v(¢), there is a § € (0,d) such that
10 = D)0 locM < 1/2.
Proposition 2.3 also tells us that the strong operator limit

T= 13%1(‘/ — Vo)X (e,6)(De — Vo — 2) 7"

exists and ||T'|| < 1/2. In particular 1 — T is an invertible operator.
If ¢ € C°(0,00) ® C?, then

(L=T)(De = Vo —2)p = (D¢ = Vo — 2 = (V = Vi) X(0,5)) -

Since (Dy — Vi — 2)C(0,00) ® C? is dense in H and 1 — T is invertible,
(D =V — 2 — (V= V)X (0,5))C°(0,00) ® C? is also dense in H. Hence the op-
erator Dy — Vi — (V' — V3)X(0,5) is essentially self-adjoint on C2°(0,00) ® C?. But
Vo 4 (V = V)X (0,5 differs from V' by a bounded function. Therefore D, — V' is also
essentially self-adjoint on C'2°(0, 00) ® C2.

(b) Again, write b for v(0T). Then (14 £)? — b*> < 1/4. We now let

(Rg)(t) = Ty 1.4(1) / Wi (5)B g(s)ds,

where, as we recall, ¥y ¢; is the fundamental solution matrix of the linear system
(Dg — Vp —i)u = 0. Fix a c € (0,00). Lemma 1.4 tells us that x (o)t " Rx(o,c)
is a bounded operator. The identity R(Dy — Vj, — i) = ¢ holds whenever ¢ €
C(0,¢) ® C*. Let 6 > 0 be such that [|(V — V3)x(0.6) RX(0,0)[| < 1/2.

For every ¢ € C°(0,¢) @ C?

(De = Vo = (V= Vi)x(0,6) = D) = (L= (V = Vi)x(0,6)R)(De = Vo — i)p.

By Lemma 1.3, the orthogonal complement of (D;—V,—i)C°(0, ¢)®C? in L*(0, ¢)®
C? has dimension 2. Therefore, on the domain C2°(0, ¢)® C?, the deficiency indices
of Dy =V — (V= Vi) X(0,6) in L*(0,¢) ® C? are (2,2). But this operator differs from
Dy —V by a bounded operator. Hence, on C2°(0, ¢) ® C?, the deficiency indices of
Dy —V in L%(0,¢) ® C? are also (2,2).

Thus every solution of the linear system (D; — V — ¢)u = 0 is square-integrable
near 0. We know what happens near co. Therefore there is, up to scalar multiples,
exactly one non-trivial solution uy of this system which belongs to L?(0,00) ®
C?. Similarly there is exactly one non-trivial u_ which solves the linear system
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(D¢ —V +14)u = 0 and which belongs to L?(0, 00) ® C2. It follows from integration
by parts that

<(Df - V)(pu ui> = :|:Z<(p, ui>
whenever ¢ € C2°(0, 00) ® C?. Hence the deficiency indices of Dy —V are (1,1). O

3. THE DECOMPOSITION OF o - p

Recall that the Pauli spin matrices are usually written as

|01 10— |10
L7000 2T o) BT o0 -1
Let (p1, p2, p3) = (—i0/0x1, —i0/Dxa, —i0/dx3) and denote
0 -p=p101 + p202 + p303.
We denote the angular momentum operators with respect the three coordinate axes
by
A1 = xop3 — w3p2, Ao =w3p1 —x1ps3, Az = z1p2 — T2p1.
Let
A =Aio1 +Asoo +A303 and L = A% + A% + Ag

Because of the commutation relations [A1, As] = iA3 etc. and the commutation
relations between the Puali spin matrices, the relation between L and A is
(3.1) L=A?+A.

Throughout the remainder of the paper, r stands for |z| = (27 + 23 + 22)1/2.
Let o, denote the multiplication operator 7“_1(;10101 + 2902 + x303). The above
operators are defined on the appropriate dense domains in Lz(RB) ® C%. We will
say more about these domains later.

The operators A1, Az, A3 commute with the multiplication by any radial func-
tion. In addition, [A;,z;] =0, j =1, 2, 3. It is easy to see that

[All'l + Asxo + A35L‘3]T‘_1 = T'_l[l'lAl + zoAg + 1‘3A3] =0.

Combining this with the well-known identities

0102 = iUg, 0203 = iUl, 0301 = iUQ

and

[A1, 2] = [@1, Ao] = dz3, [As,x1] = [x3, A1] = tza, [Ag, 23] = [22, A3] = i,
we obtain
(3.2) Ao, = —0,(A+2).

This identity along with (3.1) will play a key role in our analysis of the Dirac
operator.

We write the spherical coordinates in R® as 3 = rcos~y, £ = rsinycos),
29 = rsinysinA. For any £ € N and —¢ < m < ¢, we have the (unnormalized)
spherical harmonics

X7, A) = €™ P (cos ),
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where
/2 dk-l—f(l _ t2)é

PF(t) = (1—1t?) T

We also set XJ = 1. Let us write the usual spin vectors as

1 0
81/2 = |:0:| and 8_1/2 = |:1:| .

S = the linear span of {X["s;: ¢ € Z,, m € Z, |m| <{, j==+1/2}.

As usual, S is endowed with the inner product induced by the area measure on the
unit sphere S? :

Let

(f,9) = /Oﬂ siny [/O%U(%/\),g(% A)>c2dA} dry.

Thus (X["s;, X}7's;) = 0 if (m, £, j) # (m/, £/, 5").

We know that L can be regarded as an operator on S. Indeed LX;"s; =
¢+ 1)X"s;. Let us verify that o, also maps S to itself. Indeed, in spherical
coordinates,

o | cosv sin ye =
P Isinye®  —cosy |-
It suffices to verify that, for any X", cosyX " and sinyeT* X" are linear combi-

nations of spherical harmonics. Now cosyX[" = e™* sin/™ vQ(cos7), where Q is

a polynomial. Therefore cosyX;" has the desired property. On the other hand
sinye™ - sin™! ve™AP(cosy) = sin/™I+1 'yei(m+1))‘P(cos 7).

Im|+1 Im—+1]

We can write sin ~ as sin ~ or sin/™*1l (1 —cos? ) depending on whether
m > 0 or m < —1. This shows that sin ve”‘X /" is a linear combination of spherical
harmonics. The case of sinye™"* X /' can be treated similarly. Therefore o, maps
S to itself.

Let

Ay = Ay +iAy = e (9D + icotyd /ON)
and
A=Ay — iy = e (=0/Dy + icotyd/IN).

Then A_A; = L—(A%+A3) and AL A_ = L—(A3—A3). Using spherical coordinates
and the obvious fact that A3 X;* = mX;", one easily verifies

AX =X if 0<m—1<0-1;

A X = (mm—1) — L+ 1)X] if —0<m—1<—1;
ALXf=A_X,"=0;
AXP ==X —0+1<m<0;
A_XP = (m(m—1) =L +1)X 0 if 1<m < ¥,

¢ € N. Hence A also maps S to itself.
We have the algebraic decomposition

S=8+&+--+S+...,
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where
S¢ = the linear span of {X"s; : j = +1/2, |m| < ¢}, (€ Z,,

are orthogonal to each other. Since Sy is the kernel of the operator L — £(¢ 4 1)
and A commutes with L, each Sy is also invariant under A. Furthermore, it follows
from (3.1) that the only possible eigenvalues for A on Sy are £ and —¢ — 1 in the
case £ > 1. Obviously L = A = 0 on Sy. For each ¢ € N, let SZ and S, be the
kernels of A — ¢ and A + ¢+ 1 on Sy respectively. Then Sy = SZ’ DS, .

Proposition 3.1. We have
0,80 =387 and 0,5 =8, for £>1.
Moreover,
dim(S; ) =2¢ and dim(S)) =20+ 2
for every £ € N.

Proof. We use induction. The equalities 0,50 = S; and UPSZ' = §,,, follow
immediately from (3.2). Since dim(Sy) = 2, it follows that dim(S; ) = 2. On the
other hand dim(S;) = 2(2-1+ 1) = 6. Therefore dim(S;") =4 = 21+ 2. Suppose
that dim(S, ) = 2{y and dim(SZ)) = 2{y + 2. Then dim(S, ,,) = dim(opSZ)) =
20+ 2 = 2(¢p + 1). Because dim(Spy1) = 2(20 +1)+1) = 4(¢ + 1) + 2 and
Se=8; @8, , we have dim(S; ;) =2(o + 1) + 2. O

Because crﬁ =1, Proposition 3.1 allows us to write
S=(Sf®o,SH+ (S @a, ST+ + (S @0,SF)+ ...
(3.3) = (0,8 ®S7) + (0,83 &Sy )+ + (0,85, &S, )+ ...,
where S = S.

Lemma 3.2. Let Q be a real-valued, measurable, radial function on R®. Suppose
that there is a positive number M such that |Q(r)| < M/r a.e. on R®. Then the
closure of the symmetric operator o - p — Q on C(R*\{0}) is the same as its
closure on C°(R?).

Proof. Let n be a C°°-function on [0, 00) such that 7 = 1 on [1,00) and n = 0 on
[0,1/2]. Let 9, (r) = n(nr), n=1,2,... . If f € C°(R?), then 5, f € C°(R*\{0})
for every n and lim, . |7.f — f|| = 0. Since Qf € L?*(R*) ® C?, we have
lim, oo [|Qnnf — Qf]] = 0. Therefore it suffices to show lim, . || - p(9n f — )|
= 0. But if we think of 7, as a multiplication operator on L*(R*) ® C?, then
o - pinf =nno -pf + [0 - p,mu]f. Since ||nno - pf — o - pf| — 0, it suffices to show
that [|[o - p, ] f|| — 0.

Clearly [p;, 1] is the operator of multiplication by —iz;n,, (r)/r = —inx;n'(nr)/r.
Thus there is a C > 0 such that ||[o - p, 7] f|lcc < Cn for every n € N. On the
other hand, the support of [0 - p,7,] is contained in {z € R® : |z| < 1/n}. Hence
o - ol flI? < C?*n?ms({z € R? : 2| < 1/n}) = 47C?/3n — 0. |

For each £ € Z ., let
Q, = the linear span of {Yg:Y € S} ® 0,5/, g € C°(0,00)},
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which is a subspace of C°(R*\{0}) ® C?. Note C°(R*\{0}) ® C? is invariant
under the operators o,, A and L. By straightforward multiplication, it is easy to
verify the following relations:

10 7 10 7
0 pry=za = S(24A), 00 p= oo+ A

Recall that o = 1. Thus if £ is a unit vector in S, and f, g € C2°(0,00), then

r

706t =0y (ot TA) € =gt (114 146
and
7plonta) = (150~ 1@+ 0 )&= (30 - L2+ ).
If we define
Qe ={&f +0p89: 1, 9€CZ(0,00)}
and

Ue(Ef +0,60) = [jﬁ] ,

then Ug extends to a unitary operator from the closure of Q¢ to L2((0,00), r?dr) @
C?. Furthermore, Uefle = C°(0,00) ® C? and the above calculation shows that
_ 0 —id/dr +il/r
Ueo-p = [—id/dr—i(2+€)/r 0
Let W : L2((0, 00), 72dr)®@ C* — L?(0, 00)® C? be the unitary operator (W f)(r)
=rf(r). Then

]Ug on Qg.

1d ;¢ : .
w [%d% EZU Zdroﬂr] B {—id/dr —02'(1 +0)/r e +ol(1 H)/r] W
Let
le[l—i-i —1—|—i]
2(1+7 1—1
We have
J{ ' 0 —id/dt+i(1+£)/t] _ [(1+€)/t d/dt }J'
—id/dt —i(1+¢)/t 0 —d/dt —(1+20)/t
Combining these identities, we obtain
(3.4) JWUe(o-p—Q)=(De— Q)JWU: on Q¢

for every unit vector ¢ € S and for every radial function @ which is bounded
outside every neighborhood of the origin and measurable.
Foreachl € Z,,let & 1,...,& 2042 be an orthonormal basis for S[ (with respect
to the spherical measure sinydyd\). Then
Q= QEe,1 DD Q€£,2£+2'
If we define Uy = JWUg, , @+ - @ JWUg, ,, . ,, then U, extends to a unitary operator
from the closure of Q, in L?(R?) ® C? to (L?(0,00) ® C?)+2 and, by (3.4),

Ulo-p—Q) = (Dy — Q)L*IU, on Q.
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In the above and hereafter, we denote the orthogonal sum of k copies of X by X ¥,
Also, Uy = (C°(0, 00) ® C?*)+21, Thus we have established the following:

Proposition 3.3. Let U =Uy @ U1 B ---®U D ... and let Q be the algebraic sum
Qo+ +--+Qe+... . Then U is a unitary operator from L2(R3) ® C? to

(L3(0,00) ® €)@ @ (12(0,00) © C*) W & - @ (L%(0,00) @ C)* ..

Moreover,

UQ = (C(0,00) ® CHF ¢ (C°(0,00) @ CHW @ ...
@ (C(0,00) @ CH)PH g

and, for every radial function QQ which is bounded outside every neighborhood of the
origin and measurable,

(3.5) Ulo-p—Q) = {é(m - Q)[””]} U on Q.

£=0

Lemma 3.4. Let Q be a real-valued, measurable, radial function on R3. Suppose
that there is a positive number M such that |Q(r)| < M/r a.e. on R®. Then the
closure of the symmetric operator o - p — @Q on § is the same as its closure on

O (R*\{0}).
Proof. For each ¢ € Z,, the orthogonal projection from L2(R3) ® C? onto the
closure of 2y is given by the formula

20+2

21 T
(Pefxr,w):;@,j(m /O /0 St (f(r 7 V), €0y (7 X)) ey dN.

Each Py clearly maps C2°(R?*\{0}) ® C? to Q,. Furthermore, if ¢ € C°(R3*\{0})
vanishes on {z € R*: |2| < 6}, then so does every Pyp. This implies

lim [|Q) Pep — Qul| = 0.

£=0

Hence it suffices to show that lim, o [0 - p(3)_o Pe — ¢)|| = 0 for such a ¢. But
this will become obvious once we show that o - pPyp = Pyo - pp.
Because {2 is invariant under o - p, for every ¥ € {2, we have

(Peo - pp, ) = (0 - pp, ) = (p,0 - pb) = (Pep, 0 - pib) = (0 - pPegp, ).
Also, if ' € Qp and ¢ # £, then (Pyo - pp,?’) = 0 = (o - pPpp,y’). Hence
Pyo - pp = o - pPpp. This completes the proof. O
4. THE FULL DIRAC OPERATOR

We will use the following set of Dirac matrices oy, s, ag, ay = (3 :

. 0 I
(41) aj=0;@03=0;8(-0;), j=1,2,3, and =L ®0 = [12 02] :
Here I, denotes the 2 x 2 identity matrix. This differs from the more commonly
used set (01 ® 01, 02 @ 01, 03 ® 01, Io ® 03). However we feel it is more convenient
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to work with (4.1). Note that the conjugation by the self-adjoint unitary matrix

RN
V2 1 -1
interchanges o1 and o3. Therefore our Dirac operator will be the usual one conju-

gated by I tensored by the above matrix.
For pp € R, the initial domain of the free Dirac operator

a-p+ pof = aipr + azpe + azps + poff = (0 - p) ® (=0 - p) + pof

is Cé’o(R3) ® C*. Tt is well known that this operator is essentially self-adjoint. By
Lemmas 3.2 and 3.4, it is even essentially self-adjoint on C2°(R*\{0}) ® C* and on
Qo Q.

Theorem 4.1. Suppose that Q is a real-valued, measurable, radial function on R?
and that |Q(r)] < (£ + 3)/r a.e. on R® for some ¢ € Z,. Then the deficiency

indices of o -p + pof — Q on C°(R?*) @ C* are (n,n) where
n<20(0+1).

Proof. Since the term pof is bounded, it suffices to compute the deficiency indices
ofa-p—Q=(c-p—Q)®(—0-p— Q). Hence we only need to consider the
deficiency indices of o - p &+ @ on C° (RB) ® C%. According to Lemmas 3.2 and
3.4, for this purpose we may reduce the domain to €. By Proposition 3.3, the
deficiency indices of o - p £ @ on § are the same as those of @ (D + Q)PPE+2
on ;7 (C2(0, 00) ® C?)PE+2I,

If £ = 0, then it follows from Proposition 2.1 that Dy 4+ @ are essentially self-
adjoint on C°(0,00) ® C? for all k € Z, . Hence so is o - p+ pof — Q.

When ¢ > 1, it follows from the same proposition that if k > ¢, then Dy £+ Q are
essentially self-adjoint. Hence the deficiency indices of o - p + @ coincide with those
of @i;})(Dk + Q)[2*+2 on @i;})(ch(o, 00) ® C?)PF+2] Tt easily follows from the
boundedness of @ near infinity that the deficiency indices of Dy + @ are either (1,1)
or (0,0). This completes the proof. |

Theorem 4.2. Let v be a real-valued, bounded, measurable function on (0,00) such
that v =0 on (d, 00) for some d > 0. Suppose that the limit

v(07) = 13&)1 v(e)

exists. Let V(r) = v(r)/r on R*\{0}.

(a) If [v(01)| < V/3/2, then a-p+poB—V is essentially self-adjoint on C°(R*)®
c'.

(b) If /02— (1/4) < [v(07)] < /(1 + €)%= (1/4), £ € N, then the deficiency

indices of ac-p + poB —V on C°(R?) @ C* are (20(0 +1),20(¢ + 1)).

Proof. As in the previous proof, the deficiency indices of a-p+ g3 —V are the sums
of those of o-p£V on Q. In the case (a), it follows from Theorem 2.2 that Dy +V
are essentially self-adjoint for every k € Z,. Hence it follows from Proposition 3.3
and Lemmas 3.2 and 3.4 that o - p + po8 — V is essentially self-adjoint.

In the case (b), it follows from Theorem 2.2 that the deficiency indices of Dy +V
are (1,1) if 0 < k < /—1 and (0,0) if k > £. Hence the deficiency indices of o-p+V
coincide with those of @f;;é (Dy £ V)22 namely (6(€+ 1), £(¢ + 1)). |
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Lemma 4.3. Let Q be a boundedly supported measurable function on R® for which
there is an M > 0 such that |Q(r)] < M/r a.e. on R>. Then for any z1, z € C\R,

(0 p—2)7'Q(0-p—2)""
is a Hilbert-Schmidt operator on L*(R*) @ C.

Proof. Since (o -p — 2)(0 - p —w)~! is bounded for any z, w € C\R, it suffices
to consider the case where z; = ¢ and zo = —i. By the polar decomposition
Q = (Q/|Q]) x |Q| on its support, it suffices to show that if A is a bounded,
non-negative self-adjoint operator, then (o - p —i)~'|Q|"/2A|Q|/?(c -p+1i)~ ' is a
Hilbert-Schmidt operator. If we let B = AY2|Q|*/?(c - p+i)~", then

BB = A'|Q1 (0 ) + 1) QP24
It is well known that
(e-p)?+1)7" = (-A+1)7"
has kernel function e~1*=¥!/4x|z — y| on R® x R®. Straightforward integration

shows that |Q|Y/2((o - p)? +1)~1Q|*/? is a Hilbert-Schmidt operator. Therefore so
are BB* and B*B = (o -p— i)~ YQ|?A|Q|"*(c - p+14)~". |

Theorem 4.4. Let v be a bounded, real-valued measurable function on (0, 00) which
vanishes on (d,00) for some d > 0. Suppose that the limit

leiﬁ)lv(e) =(07)

exists. Let V(r) = v(r)/r on R3. Given a real number g, let Ay denote the
closure of o+ p + pofS on CgO(RB) ® C* and let A be any self-adjoint extension of
the symmetric operator oo -p + pofS —V on C° (R*) ® C*. Then for any z € C\R
and any bounded self-adjoint operator B on L*(R?) ® C*,

(A+B—2)"t—(Ag+B—2)""
is a Hilbert-Schmidt operator.

Proof. By Lemma 1.1, we only need to consider the case where pg =0 and B = 0.
Moreover, since the deficiency indices of a-p—V are finite (Theorem 4.1), it suffices
to treat a particular self-adjoint extension A of our choosing. Furthermore, because
a-p—V=(0-p—V)®(—0c-p—V) and because of Lemmas 3.2 and 3.4, it suffices
to show that there is a self-adjoint extension A of the symmetric operator o -p—V
on Q such that (A — 2z)~! — (0 - p — z)~! is a Hilbert-Schmidt operator.

For each k € Z,, let Ty be a self-adjoint extension of Dy — V. It follows from
(3.5) that

A— U*{@T]£2k+2]}U
k=0
is a self-adjoint extension of o - p — V. Let £ € N be such that £+ (1/2) > ||v]|co-
Let X1 =Qg+ -4+ Q1 and X9 = Qg+ -+ -+ Qpyp, + ... . Let H; be the closure
of ¥; and let P; : L*(R®) ® C* — M, be the orthogonal projection, j = 1, 2. The
theorem will follow once we show that, for j =1, 2,
(A=2)""=(o-p—2)"")P

is a Hilbert-Schmidt operator whenever z € C\R.



2012 JINGBO XIA

Let us first consider the case j = 1. By (3.5), if ¢ € (0 -p — 2)¥1, then

-1
(A=2)"" = (0-p=2) e =U DT - 2)7" = (Dx — ) }EUp.

It is easy to see that (o-p—2)%; is dense in H;. Therefore it follows from Theorem
1.7 that ((A—2)"! — (0-p — 2)7!)P; is a Hilbert-Schmidt operator.
Now the case j = 2. It was shown in the proof of Proposition 2.1 that

[l < 1(De + )l / (k + (1/2))

whenever ¢ € C2°(0,00)®@C?. Since Dy, is essentially self-adjoint on C°(0, 00)®C?,
it follows that

[#7H Dy +9)7H < 1/(k + (1/2)).

Therefore when k& > /£,

IV(Dr + )7 < [lollsclit™ (De +0) 71 <

If n is a bounded radial function, then

Un(o - p+ i)~ Ha = @ {n(Dy. + i)~ } AU My,
k=¢

By a standard argument we may replace n by V. Hence

[0l

€+§

(4.2) |[V(e-p+i) P < <1.

Furthermore, P, commutes with V (o-p+4)~!, which is a bounded operator because
(0 -p)? = —A. Thus we have the operator

N
R = z\}i—r}loo(a pHi)t Z(V(O’ pH+i)THP,

n=0

=(oc-p+i) 1PQZ (c-p+i) tP)",

where the infinite series converges in the operator norm topology. It is clear that
R(oc-p—V +i)p=¢ whenever ¢ € 3s.

Since (£ + 1) — |v(0%)|? > 3/4 > 1/4, it follows from Theorem 2.2 that Dy — V is
self-adjoint whenever k£ > £. Since

Ul p=V)[£2 = {@ V)R,
(0 -p—V +1i)%s is dense in Hs. Hence

(A+i) 'P,=R=(0-p+i) 1PQZ (0-p+i) tPy)".
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Lemma 4.3 tells us that (o-p+i)~'V(o-p+i)~! is a Hilbert-Schmidt operator.
By (4.2), .07 (V(0 -p+ i)' P2)" is a bounded operator. Therefore

(A+)™ = (o-p+i) )P

= (- p+i) V(e p+i) 'Ry (Vie-p+i) ' Py)"
n=0
is a Hilbert-Schmidt operator. This completes the proof. O

5. EXTERNAL ELECTROMAGNETIC FIELDS

Having treated the self-adjoint extensions of a - p + o8 — V, we will show how
to realize - p + poB — V — Vi — &€ as a self-adjoint operator in L? (RB) ® C*. Here,
V represents the Coulomb singularity as before, V; is a bounded potential, and £
represents an external field. More precisely, the following are fixed throughout this
section:

(i) V(r) = v(r)/r, where v is a real-valued, bounded, measurable function on
(0, 00) such that v = 0 on (d, 00) for some d > 0 and such that the limit v(07) =
lim, o v(e) exists.

(ii) V1 is a 4 x 4 self-adjoint matrix-valued, bounded, measurable function on
R®.

(iif) £ is a 4 x 4 self-adjoint matrix-valued, measurable function on R® which is
bounded on every bounded subset of R® and which can be unbounded at infinity.

(iv) For each n € N, &, is defined to be the function such that &,(z) = &(x)
when |z| < n and &,(z) =0 when |z| > n.

It is known from Chernofl’s work that the addition of a potential which is locally
bounded but which may blow up at infinity to the Dirac operator does not alter
its essential self-adjointness. See [2, Theorem 2.1]. But we will go one step further.
We will show that, with the addition of such a potential, removing the Coulomb
singularity at 0 still only results in a Hilbert-Schmidt perturbation of the resolvent
of the Dirac operator.

Let R denote the collection of C*°-functions 0 < n < 1 on [0, 00) for which there
exist 0 < d(n) < M(n) < oo such that n =1 on [0,d(n)] and n = 0 on [M(n), ).
Each 7 € R will also be identified with the radial function  — 7(|z|) on R?. As
such, each 7 € R is a compactly supported C*°-function on R?. Let

ap =0, ® (—0p).

Proposition 5.1. Let A be a self-adjoint extension of the minimal symmetric op-
erator o - p+ pofB — V — Vi on C(R>*) @ C* and let D(A) denote the domain of
A. Then the following hold true:

(a) For each f € R, fD(A) C D(A).

(b) D(A) = {u € D(A) : u has a bounded support} is a core for A.

(c) For each f € R, [A, f] is the operator of multiplication by —i Z?:l a;0f/0x;
= —ia,f'.

Proof. Because V7 is bounded, A is a self-adjoint extension of a-p—V plus po5—V3.
Furthermore, since « -p—V = (0 -p—V) @ (=0 - p — V) and since there is no
restriction on the sign of V, it suffices to show that if S is a self-adjoint extension of
o -p—V with domain D(S) ¢ L?*(R*) ® C?, then fD(S) C D(S) for every f € R,
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that D.(S) = {u € D(S) : u has a bounded support} is a core for S, and that
[57 f] = _iapf/'

If U is the unitary operator in Proposition 3.3, then USU™ is a self-adjoint
extension of the symmetric operator @y (D — V)**+2 on the algebraic sum
D ,[C(0,00) ® C*)2*+2 = UQ. Let £ € N be such that £ > ||[v]o. It follows
from Proposition 2.1 that Dy — V is self-adjoint whenever k > ¢. Thus USU* =
S1 @ So, where S is a self-adjoint extension of @i;t(Dk — V)[2k+2] and S is the
closure of @52 ,(Dy, — V)2k+2 Let D(S;) denote the domain of S;, j =1, 2.

Since f is a radial function, we have UM?U* = @ZOZO(M})[%”], where M™
denotes the multiplication on R™ or subsets thereof. Since fC>(0,00) ® C* C
0°(0,00) ® C?, we have fD(S9) C D(Sz). On the other hand, for each k <
¢ — 1, the orthogonal complement Ny (Fi) of (Dy, — V +14)C°(0,00) ® C? consists
of the solutions of the differential equation (Dy — V F i)u = 0 which belong to
L?(0,00) ® C?. Elementary theory of differential equations tells us that any p e
(Db (Ni(—i)) 2R 421} 1 (P4 (Nk(4))2*2} must be absolutely continuous on
any compact interval in (0, 00). Thus (1 — f)¢ belongs to the domain of the closure
of @LZH(Dy — V)22l on @i~ (C2°(0, 00) ® C)2F42]. von Neumann’s formula
for self-adjoint extensions now tells us that (1 — f)D(S7) is contained in the same
domain. Hence fD(S1) C D(S1). Applying the inverse unitary transformation, we
obtain fD(S) C D(S).

It also follows from von Neumann’s formula for self-adjoint extensions that for
any ¥ € D(S1), S1¢ is obtained from 1 by the direct application of the differential
expression @y (Dx — V)[25+2] on (0,00). Hence straightforward differentiation
yields

-1
Sife = fSip +i{@ oS ) .
k=0

for ¢ € D(S1). Similarly,

Safty = fSov +i{@ s Ty

k=¢
if ¥ € D(Sy). Thus [S, f] = U*[Sy & S, fIU = if' U {P, o5 U, Hence it
only remains to be shown that —@;> , o2* ™ = Ue,U*.

For this purpose we need the unitary operators Us, W, J defined in Section 3.
o, preserves each Q¢ and Ugo, = 01U¢ on Q¢. The operator (Wg)(r) = rg(r) from
L%((0,00), rdr) ® C* to L?(0,00) ® C? commutes with ;. Finally, Jo; = —oo.J.
That is, JWU¢0, = —02JWU; on €.

It follows from the above analysis that for any f € R,

1S fulll = 1 lloc/n — 0
if f,(r) = f(r/n). This immediately implies that D.(S) is a core for S. |

Theorem 5.2. Let A be a self-adjoint extension of the minimal symmetric operator
a-p+pof—V —Vi on CX(R?) @ C* and let D(A) denote the domain of A. Let

D.(A) = {u € D(A) : u has a bounded support}.
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Then the closure B of the symmetric operator A — E on D.(A) is a self-adjoint
operator. Furthemore,

lim (A—&,—2)"'=(B—-2)""!

n—oo
in the strong operator topology for every z € C\R.

Proof. Let z € C\R. To show that A — & is essentially self-adjoint on D.(A), it
suffices to show that if p € L2(R?®) ® C? is orthogonal to (A — £ — 2)D.(A), then
¢ =0. Let f € Rbesuchthat f =1o0n0,1/2]and f =0on [1,00). Define f,(r) =
f(r/n). Then &, fn = Efn. Now (A — &, — 2) "Ly belongs to the domain of A —&,,
which is the same as D(A). Thus f,(A—E&,—2z) ¢ € D.(A) according Proposition
51(a)and ¢ L (A—E —2)fu(A—En—2) Lo =(A—Ep — 2)fu(A—En — 2) Lo
Therefore

loll? = lim (o, fap) = lim (g, fo(A = En = 2)(A = €, = 2) ')
= lim (¢, [fn, A= En —2)(A =& —2)7p)

n—oo

= lim (p, [fn, AJ(A =&, —2)710).

n—oo

By Proposition 5.1(c),

11, AUA = €n = 2) 7"l < @l falloo/tmz| =[] F[loo /m Tm].

Therefore ||]|?> = 0, as was to be proved.
Let ¢ € D.(A). If n is large enough that &,1 = £y, then

(A=&n—2) " A-E—2)W=A-E —2) Y A-E —2)p =1
=(B—2)"YA—-E&—2n.

Since (A — & — 2)D,(A) is dense in L2(R*) @ C*, (A— &, —2)"! = (B—2)"'in
the strong operator topology. O

If we write Ag for the closure of a-p+ o3 — Vi on C°(R?®)® C*, then it follows
from Theorem 5.2 that the closure By of Ag — & on D.(Ap) = {u € D(A4p) : uw has a
bounded support} is a self-adjoint operator. It is quite obvious that C>°(R?) ® C*
is also a core for By.

Theorem 5.3. Let A and B be the same as in Theorem 5.2 and let By be defined
as above. Then for every z € C\R,

(B—2)"t=(Bo—2)""
is a Hilbert-Schmidt operator.

Proof. Let n € R and suppose M > 0 is such that n(r) = 0 when r > M. Let
¢ € R be such that {(r) =1 when 0 < r < M. In particular { = 1 on the support
of n. Let ng € N be such that {(r) =0 when r > ng — 1.
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For any m > ng, we have (€, — Epy )¢ = (Em — Eny)n = 0. Therefore

{(A=&n—i)7 = (A= & =)'}
(A= Em = 1) (Em = Eng)(A—Eny =)'
= (A= En =) (Em — Eng)(A = Eng —0) ']
= (A= Em = )7 (Em — Eng)(A = Eny — )7 [, A(A = &y =)™
={(A =& — )7 (Em — Eng) (A = Eny —1)7'C}

<A, AJ(A &, —1)7"}
=(A—=En—1) " Em —Eng)(A—Epy —i)7F
X [Cv A](A - 5n0 - i)_l[na A](A - 5n0 - i)_l
= {(A —Em — i)_l - (A — &y — i)_l}Kv
where, by Proposition 5.1,
K=—a,'(A—Epy — i) ta,m/ (A—E,y —i) L.
Letting m — oo, we obtain
{(B=)™" = (A=&n —) I ={(B—0)7" — (A~ &, — i) }K.
We claim that K is a Hilbert-Schmidt operator. Indeed if we let
Ko = _aPCI(AO - gﬂo - i)_laPnI(AO - gﬂo - i)_lﬂ
then it follows from Theorem 4.4 that K — K is a Hilbert-Schmidt operator. Let
C4 denote the collection of compact operators T' such that tr(|T|*) < co. From the
proof of Lemma 4.3 we see that for any f € R, f'(a-p—i)~! € C4. Lemma 1.1 tells
us, therefore, that f/(Ag — E,, —4)~! € C4. This implies Ky is a Hilbert-Schmidt
operator (see [4, p. 92]). Therefore so is K.

Thus we have proved that {(B —i)~! — (4 — &,, — i)~ '}n is a Hilbert-Schmidt
operator. This, of course, holds true in the special case V' = 0. Therefore
{(By —i)7' — (A9 — &n, — i)~ '}n is a Hilbert-Schmidt operator. Theorem 4.4
tells us that (A — &,, — i)™ — (Ag — Eny — i)~ ! is a Hilbert-Schmidt operator.
Combining these facts, we conclude that for any n € R, {(B —i)™! — (By —i)"'}n
is a Hilbert-Schmidt operator.

Recall that V(r) = v(r)/r with v = 0 on (d,00). Let n € R be such that
n(r) = 1for 0 <r <d+ 1. Let us now prove that for such an 7, the operator
{(B—=14)~" = (By — i)~ '}(1 — n) is also Hilbert-Schmidt. Let ¢ € C°(R?) @ C*.
Since (1 —n)V =0, we have (1 —n)(Ao — En — i) = (1 —n)(A — &»n — 1)p. Thus
(A= &m—i) (1 =m)(Ao = Em —i)p

=(A=En =) L= A=En—ilo+(L—n)p
= (A= En =) A (Ao — En — )7 (Ao — Em — )9 + (1= n)p.
Since (Ag — Em — 1)C®(R?) ® C* is dense in L?(R?) ® C*, the above yields
{(A=&n =) (Ao = En — )7}~ 1)
= —i{(A=Ep —9)t = (Ao — Em — ) P (Ao — E — )L
Letting m — oo, we obtain

{(B=0)7' = (Bo— )"}l =) = —i{(B—0)~" — (Bo— i) Yaun (Bo — i),
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which is a Hilbert-Schmidt operator because n’ has a bounded support. This proves
that the operator (B —i)~! — (Bg —i)~! is Hilbert-Schmidt. Another application
of Lemma 1.1 yields the full theorem. O

6. BOUND STATES AND RELATIVISTIC UNCERTAINTY

We will now assume that gy # 0 and consider the bound states in the gap
(—|mol, |o]) in the essential spectrum of the self-adjoint extensions of the minimal
operator a-p+ pof —V — W, where V(r) = v(r)/r as in the previous sections and
W is a bounded, real-valued, radial function which vanishes in a neighborhood of 0
and at infinity.

For each k € Z_, define the differential operator

- Dr  po
Dy = .
g [Mo _Dk:|
By Section 3 it is obvious that a-p+peS—V —W on Q@ is unitarily equivalent to
D, DM v W on @2, (C(0, 00) @ CH2HH2. For £ > m in Zy, let Py,
denote the orthogonal projection on @i:o (L*(0,00) ® CHEF2 = {fo - @ fo :
fr € (L(0,00) ® CHP*21 0 < k < ¢} defined by the formula

Pf,m(fo@"'@fe)Zf()EB“'EBfm@O@...@O.

Recall that V;(t) = byx(o,a)(t)/t. Given k € Z;, b € Rand z € C, let ¥y, .
denote the fundamental solution matrix for homogeneous system

(Dr — Vi)u = zu.

If (1 + k)2 —b% < 0, then Wy, is bounded on every finite interval (0,¢). This
assertion can be proved as follows. Let i)b,k = &, , &P _y i, where §p, ;, and P_y 1, are
given by (1.1). If u = <i>b7kc solves the above system, then Béb7kc’ = M(z, uo)éb7kc,
where

z 0 — Lo 0

0 z 0 — o
z 0
0 — o 0 z

and B = B® (—B) with B being the matrix defined just before Lemma 1.3. Solving
the equation ¢’ = é;,ﬁé‘lM (2, 110)®p g using the usual “non-commutative expo-
nential” and recalling the fact that i)b)k is bounded on any (0,¢) when
(14 k)2 —b? <0, we find that Uy . (t) = p x(t)[1 + O(t)] near 0.

Proposition 6.1. Suppose that |[v(07)| > 1+m for some m € Z, and that £ > m.
Suppose that v satisfies either

< |u(t) — v(0F
(1) /0|(t)t(0 it < oo
o) —v(01)?
(1) /OtQ—th<oo for some v >1/2.
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Let A be a self-adjoint extension in @iZO(L%O, 00) ® CHERH2] of the symmetric
operator @i:o ﬁ,[fk“] —V —-W on @f;zo(cgo (0,00) @ CHFH2 Then for any
eigenvector ¢ of A such that Py, # 0, we have

n—oo —(n+1)

-
1
hminf/ —|ap(t)2dt > 0.
2

Proof. Suppose that Ay = A with A € R. By von Neumann’s formula for self-
adjoint extensions (see, e.g., [7, p. 35]), ¢ solves the linear system

¢
@D v - Wy =\

k=0

That W = 0 near 0 means that, when restricted to a suitable interval (0, ¢1), W can
be dropped from the above equation. Decomposing ¢ into components, it suffices
to show that if £ satisfies the differential equation

(D= V)E =X

on (0, ¢) for some 0 < ¢ < d and 0 < k < m, and if

2" 1
1iminf/ —|&()2dt = 0,
2

n—oo —(n+1) t

then £ is identically zero.
Write b for v(0%) and define

(Rg)(t) = Ty 1(1) / Byt (5)B g(s)ds.

By the discussion preceding the proposition, the condition [v(07)| > 1+m > 1+k
ensures that both ¥y ;.\ and \I!b_i , are bounded on some (0, ¢). It follows from the

boundedness of the operator (Tpf)(t) =t~ * f(f f(s)ds that there is a 6 € (0,¢) such
that |[(V — VZJ)X(Q[;)RX(QC)H <1/2. Let

R =R ((V-Vi)xwsR)P

p=0

Then x(o,c)R X (0,¢) is a bounded operator.

Let n be a C*°-function on [0,00) such that = 0 on [0,1/2] and n = 1 on
[1,00). Let n,(t) = n(2"t) for each n € N. Let ¢ be a C*°-function on [0, c0) such
that ¢ =1 on [0,0/2] and ¢ = 0 on [26/3, 00).

By an argument we used in the proof of Lemma 1.5, for every ¢ € C2°(0, oo)®C4,
© = R(Dy, — Vi, — \)g. Thus

¢=R(Dy—Vy— (V- Vi) X(0,6) — A

for such ¢ if its support is contained in (0,c). It follows from a routine ap-
proximation argument that 1,(§ = R'(Dy — Vi — (V = V3)X(0,5) — A)1n¢§. Since
(Vo + (V= W)x(0,5))¢ = V(, we have

MCE = R (D), — V — N)naCE.
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On the other hand, since (D —V — A)¢ = 0 and ¢ = 1 on (0,/2), straightforward
differentiation yields
(D =V = NmaCE)(t) = (D = V = Nma&)(t) = ), () BE(t)

when ¢ € (0,d/2). Note that on (0,a) Rf is independent of the values of f on
(a,0). Therefore

(6.1) M (H)E(t) = (R'm, BE)(t) if te€(0,6/2).
Set,

C = 1X(0.0) Ub.krlloo 1X (0,00 ¥ a oo

and

27
o= [ ek,
2—(n+1) S
For t € (0,0/2), we have the estimate

9—n

(R, B < C [ @lelds < Cll'le [ 2"le(s)las

27— 9-n 1/2
(6.2) < Cln'llso [/ 2"|§(8)|2d5/ 2nd8] < Cln oo /2.
9 (nt1) 2 )

—(n41

Let us now assume that |v(t) — v(07)|/t is integrable near 0. Then there is a
o € (0,6/2) such that C [ s™|v(s) — v(07)|ds < 1/2. Thus for any p > 1 and
t e (0,0),

(v - vy raBo) < e | [ Na) ey

< 272C | ou T2,
Hence it follows from (6.1), (6.2) and this inequality that

— 1
1 (E@)] < Cll lloc i Y~ 55 = 2C10 [0 T3/
p=0
whenever t € (0,0). It therefore follows that in the event liminf, . J, =0, =0
on (0,0), which forces £ to be identically zero. This takes care of the case where v
satisfies condition (I).
Suppose now that v satisfies condition (I,) for some v > 1/2. In this case we
define

v(t) —v(0T) < b ~
o) = "0 w0 [0 05 B (s

= ((v— U(O+))\i/k,b,ATu—1\ijjz)ll))\B_lg)(t)
when ¢ € (0,d). Here,

A
(LoD = o [ s F(s)ds.
O S
Now choose o € (0,4/2) such that
(63) ||X(O,<T)R1/X(O,c)|| < 1/2a
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which is possible because T,_; is bounded and v(e) — v(0%) as ¢ — 0. For each
n € N, let

v(t) —v(0F -

£ult) = x0.0 0220 (e 1)

By (6.2) and the assumption that |v(t) —v(07)|/¢” is square-integrable near 0, there
is an M > 0 such that

(6.4) [ full < MJY?

for every n € N.
For any p > 1 and ¢t € (0,0), we have

(V= V) RPH, BEH) = s (RE™ £)(0).

Therefore
(R((V = Vo) Ry m, BE(t) = ¢ (Drep aToa Wy N BT R f) (1)
whenever ¢ € (0,0). Combining this with (6.3) and (6.4), we obtain

1 1/2
2p_1> M2,

Xy RV — Vi) Ry, Bel| < 0 Cl| Ty | (

Taking (6.1) and (6.2) into account, we arrive at the estimate

1
201"

1X(0.0)1E ]l < 7 2Cllt oo T3> + 0" CII Ty r | MY
p=1

As in the previous case, if liminf,, . J,, = 0, then x (9 - & = 0. This completes the
proof. O

Proposition 6.2. Suppose that Q is a real-valued measurable function on (0,00)
which has the following property: There exist positive numbers M, K, € and a such
that

a/tP’7C < Q)| < M/t for a.e. t € (K, 00).

Furthermore, suppose that Q) does not change sign on (K, 00) and is bounded outside
every neighborhood of 0. Let A be any self-adjoint extension in @i:O(LQ(O, o0) ®
CH2k+2) of the symmetric operator @i:o(bk — Q)+ op @iZO(C’SO(O, 00) ®
C4)[2k+2]. Let E4 be the spectral measure for A. Then
¢
Hio = ProEa(~|pol, [po]) @D(L?(0,00) @ C*)PF+2
k=0

is an infinite dimensional space.

Proof. We claim that it suffices to show that there is an infinte dimensional linear
space Y C (C(0,00) @ CHH 0@ --- @0 = Py @i:O(Cé’O(O, 00) ® C*)[2k+2
such that ((A% — p3)w,w) < 0 for every nonzero w € Y. Indeed if the dimension
of Hy o were finite, then, by elementary linear algebra, there would be an infinite
dimensional subspace Yy C Y such that Yy L H;o. But )y is automatically
orthogonal to the range of 1 — Py . Hence )y would be orthogonal to the range
of Ea(—|uol, |pol). Thus ((A% — pd)wo,wo) > 0 for every wy € Vo, which is a
contradiction.
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But to show that such a ) exists, it suffices to exhibit an infinite dimensional
linear subspace Y € C2°(0, 00) ® C* such that

{(Do — Q)* — p}w,w) <0

for every w # 0 in Y. For this purpose we first note that, with identity matrices
suppressed,

(Do — Q)% — ¢ = D} + Q* — 2u0Qa1 — (QDg + DoQ)o3
d2
S-—omtP- 2u0Qa1 — (QDo + DoQ)os,

where |P(t)| < N/t? for some fixed N > 0 and all ¢ € (K, 00). Therefore
({(Do— Q) — 13} (p ® (£0), 0 ® (£9))

= P 90Q01 — (QDo + Do@)ors} (6 ® (1)), 0 ® (29))

dt2
(6.5) =2({

<{_dt2

if ¢ € C®(R,00) ® C®. Thus it suffices to consider the case where 1oQ > 0 on
(K, 00) and to find an infinite dimensional subspace Yy C C2°(R, 00) such that

—dt2 + P F20Q}p, ) — (@D + DoQ) (¢ @ (F)), ¢ @ (£¢))

+ P F2u0Q}e, @)

d2
(6.6) (o + P 2@, ) <0
for every nonzero u € Yy. For this purpose we use an old trick (see [10, Theorem
XIIL.6(a)]).

Note that there exist K; > K and a; > 0 such that
2u0Q(t) — P(t) > a1 /t*~¢ whenever t > K;.

Let h € C2°(0,00) be such that h = 0 on (0,1/2) U (1,00) and h is not identically
zero. For each S > 0, let hg(t) = h(t/S). Then

d2
g dt?

Since hg = 0 on (S, ), we also have

hs,hs) = (hlg, W) = S~ / "(t/9))2dt = STH|K||2.

(210Q — P)hs, hs) > als-2+f/ IA(t/S)2dt = a1 S~ F||h|2
0

when S/2 > K. Therefore, for such an S
2

({2 + P = 210Q}hs, hs) < STHIW|* — arS°[[A]?).
Since ||h|| > 0, the above quantity is negative if S is sufficiently large. This implies
that there is a sequence {hi,..., hp,...} of C*°-functions with mutually disjoint

supports such that (6.6) holds for every u = h,,. Let Y; be the linear span of
{h1,...,hp,...}. Because (—d?/dt?> + P — 2uoQ)h, and h,, also have disjoint
supports whenever n # m, (6.6) holds for every nonzero u € Yy. This completes
the proof. O
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Theorem 6.3. Suppose that [v(01)| > 1 and that v satisfies either the condition
(I) or the condition (1,) for some v > 1/2. Suppose that W satisfies the condition
that

a/r*=C < |W(r)| < M/r

when r > K, where a, ¢, M and K are positive constants. Furthermore, suppose
that W (r) does not change sign when r > K. Let A be a self-adjoint extension in
L2(R3) ® C* of the minimal symmetric operator o - p + pol3 —V —W. Then there
exists an infinite orthonormal set {p1,...,pn,...} consisting of eigenvectors of A
corresponding to eigenvalues in (—|pol, |1o|) such that |p,(x)|?/|x| is not integrable
on R? for every n.

It is a well-known fact that every & in the domain of |o - p + poB|"/? has the
property that |¢(z)|?/|x| is integrable on R®. Thus when V and W satisfy the
conditions of this theorem, it is impossible to construct any self-adjoint extension
A of the minimal operator a - p + po8 — V — W such that the domain of A is
contained in that of |o - p + peB|'/2. This contrasts sharply with the case where
0(0)] < 1 [8], [11], [13].

The physical significance of this theorem is that every self-adjoint extension A
of a-p+ ppfB —V — W possesses an infinite number of eigenstates ¢ corresponding
to eigenvalues in (—|uol, |1o]) such that the generalized expectation values

W+Wm=/<WW®+WWMﬂ@M@me@)

R3

and
@ ple = [ (@-po)(o). gl ordms(o)

for the potential energy and the kinetic energy fail to be finite. Thus the finite ex-
pectation value (A, ) for the total energy is obtained as the result of cancellation
between two infinities. In other words, self-adjoint extension somehow assumes the
role of renormalization in this situation.

Proof of Theorem 6.3. It is an immediate consequence of Theorem 4.3 that the
essential spectrum of A is the same as that of a-p+ pg3 — W. Since W is bounded
and vanishes at infinity, (- p+ po — W — 2)~t — (- p+ pof — 2) 7! is compact
for every z € C\R. Hence ess(A) = Tess(a - p + poff) = (—00, —|uol] U [|pol, 00).

Let ¢ € Z be such that [v(01)] < ((24 £)? — (1/4))Y/2. Let U be the unitary
operator introduced in Proposition 3.3. Then

U - p+ pof =V —W)U*B

é oo
={PDr -V -W)Fh o {  (Dp -V - W)BEY
k=0 k=041

By the choice of £ and Theorem 2.2, the closure S” of the second summand above
is a self-adjoint operator. Hence there is a self-adjoint extension S of @i:o(Dk —
V — W)[2k+2] such that

vPlAaue = s @ S,

In particular oess(S) does not intersect (—|uol, |pol)-
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By Proposition 6.2 and the assumption on W, S has distinct eigenvalues Ay, ...,
Any - . in (—|pol, |o]) which have the following property: For each n, there is a
unit eigenvector &, of S corresponding to the eigenvalue A,, such that P o&, # 0.
Since v satisfies either condition (I) or condition (I,) for some v > 1/2, it follows
from Proposition 6.1 that |¢,(t)|?/t is not integrable near 0. Tt we set o, = U*Pl¢,
for each n, then Ay, = An,@,. The non-integrability of |, (x)[2/|z] on R? follows
from that of |£,(t)|>/t and the fact that Ul preserves the multiplication by any
radial function. In particular, {fp,, on) = (f&n, &) if f is radial. |

To conclude this paper, let us mention that we strongly suspect that Proposition
6.1 and Theorem 6.3 remain valid if the assumption that v satisfies either condition
(I) or condition (I,) is dropped. In other words, the boundedness of v and the
condition that v(0%) = lim._gwv(e) exists should suffice for these propositions.
Technically it should be an interesting exercise in analysis to try to prove this.
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